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A Mathematical models of the standard location-routing prob-
lem and selected variants

In this section, we present mathematical models for the standard location-routing problem
(LRP) and selected LRP variants that are well-studied in the literature. Table 1 summarizes
the notation used in the following mathematical formulations.

A.1 Standard location-routing problem

We present a two-index formulation for the standard LRP (Section 2 in the survey) based on the
model of Loffler et al. (2023). We denote the set of facility locations by I, the set of customer
locations by J, and the set of all locations by V' = I U J. The (asymmetric) cost for traveling
from node i € V to j € V'\ {i} is represented by ¢;;. Each facility location i € I has an opening
cost O; and a capacity of W; units. An unlimited fleet of identical vehicles is available at each
facility location, and the fixed costs and the capacity of the vehicles are denoted as F' and Q,
respectively. Each customer j € J has a demand of d; units. The binary variable z;; is equal
to one if a vehicle travels from node ¢ € V to j € V' \ {i} and zero otherwise. Moreover, we
introduce the binary variable w;;, which is equal to one if customer j € J is served by facility
1 € I and zero otherwise. Finally, the binary variable y; indicates whether facility ¢ € I is opened
or not.
Using the above notation, the standard LRP can be formulated as follows:

min Z Z TijCij + Z Z xijF + ZyzOz (13)

i€V jeV\{i} iel jeJ iel
subject to Z xi =1 ViedJ (1b)
Z Tj; = 1 Vjed (10)



Sets

Definition

1 Set of facility locations.

J Set of customer locations.

V=I1uJ Set of all locations.

K Set of vehicles.

Parameters Definition

Cij Cost for traveling from location i € V to j € V' \ {i}.

éi}” Cost for transporting the demands from 7 to j and from j to i (i, € V, i # j) on
facility-to-facility edge (I,m) (I,m € V, I # m).

dij Travel time from location i € V to j € V'\ {i} (including service time at location
i).

O; Opening cost of facility ¢ € I.

W; Capacity of facility i € I.

F Vehicle fixed cost.

Q Vehicle capacity.

A Maximum route duration.

U Profit collected when serving customer j € J.

d; Demand to be delivered at customer j € J.

Dj Demand to be picked up at customer j € J.

fij Demand from location i € V' to location j € V' \ {i}.

Bij Cost of assigning location ¢ € V to location j € V', when j acts as a facility serving
customer 1.

[a;, b;] Time window of location i € V.

M A big number.

Variables Definition

zi; € {0,1} One if a vehicle travels directly from location i € V to j € V'\ {i}, zero otherwise.

w;; € {0,1} One if customer j € J is served by facility ¢ € I, zero otherwise.

si; € {0,1} One if customer j € J is the only customer served by facility ¢ € I, zero otherwise.

y; € {0,1} One if facility 7 € I is opened, zero otherwise.

t1 >0 Arrival time/Start of visiting time at location [ € V.

u;; > 0 Delivery demand for customers following ¢ € J carried on the vehicle when it
travels directly from i to j € V; zero if the vehicle does not travel directly from i
to j.

v;; >0 Pickup demand for customers up to i € J carried on the vehicle when it travels
directly from i to j € V; zero if the vehicle does not travel directly from 7 to j.

g@ﬁ’]" >0 Fraction of demand f;; + fj (4,5 € V, i < j) routed on facility-to-facility edge
(I,m) (I,m e V). If i and j are served from the same facility I, cpil] =1.

qix € {0,1} One if vehicle k € K is assigned to location [ € V', zero otherwise.

nfé“ e {0,1} One if vehicle £ € K is assigned to location | € V and travels directly from
location i € V to j € V '\ {i}, zero otherwise.

{fk € {0,1} One if location ¢ € V is serviced by vehicle k € K assigned to location i € V.

wg?m >0 In the multi-commodity flow formulation of the HLRP, it denotes the fictitious

flow sent along edge (7,7) (i,7 € V, i # j) if vehicle k € K is assigned to location
l € V and serves location m € V.

Table 1: Summary of the mathematical notation.



wij < Y Viel VjeldJ (18)

> wid; <W; Viel (1f)
jed

Tjp <1 —wij + wg Viel, VjedJ Vked (lg)
Tjp < 1T+ wi; — wg Viel, Vjeld VkelJ (1h)
Tij < Wij Viel, VjeJ (1i)
Tj; < Wij Viel, VjelJ (1j)

1

Z Z zij < |S] - |7de1'“ VS CJ (1k)
ieS jesS\{i} =

zij € {0,1} VieV, VjeV\{i} (11)
w;; € {0,1} Viel, VjeJ (1m)
yi € {0,1} Viel (1n)

The objective function (1a) minimizes the sum of total routing cost, vehicle fixed cost, and facility
opening cost. Constraints (1b) and (1c) guarantee that every customer is served exactly once,
and constraints (1d) force every customer to be assigned to exactly one facility. Constraints (1e)
ensure that customers can only be served by open facilities, and constraints (1f) guarantee
that the facility capacity is respected. Constraints (1g) and (1h) allow traveling along an arc
between two customers only if both customers are assigned to the same facility. According
to constraints (1i) and (1j), a route starts and ends at the facility that serves the customers
on the respective route. Constraints (1k) are extended subtour elimination constraints, which
also serve as vehicle capacity constraints. Finally, the binary decision variables are defined in
constraints (11)—(1n).

A.2 Location-routing problem with simultaneous pickup and delivery

We present a two-index formulation for the LRP with simultaneous pickup and delivery (Section
3.1.1 in the survey) based on the model of Karaoglan et al. (2011). The formulation presented
below extends the one for the standard LRP of Section A.1 using the notation presented in
Table 1.

min (la)
subject to  (1b)—(1e), (1i), (1)

Z Ujj — Z Ujj = d; Vied (2&)

JjeVv JjeEV

S =S vi=p VieJ (2b)
jeV jev

uij + v < Quyj VieV,VjeV (2¢)
S =3 dywy Viel (2d)
jeJ jeJ

S ui =0 Viel (2¢)
jed

S i =Y puwy Viel (2f)
jed jeJ

S vy =0 Viel (28)
jeJ

iy < (Q — di)ay; VieJ VjeV (2h)



vij < (Q — pj)ij VieV,VjelJ (2
(

)
uij > djTij VieV,VjieJ 2j)
Vij 2 Pi%ij VieJ, VjeV (2k)
Zdjwij < Wiyi Viel (21)
jeJ
ijwij < Wiy Viel (2m)
jed
zijtwik+ Y wi <2 VieJ VjeJ\{i}, Vkel  (2n)

1eV\{k}
(11)—(1n)
uij >0 VieV, VjeV (20)
vi; >0 VieV, VjeV. (2p)

Constraints (2a) and (2b) are flow conservation constraints for the delivery and pickup flows,
respectively. Constraints (2c¢) ensure that the vehicle capacity is respected. Constraints (2d)
and (2f) ensure that the delivery (pickup) goods dispatched from a facility equal the delivery
(pickup) demand of the assigned customers. Constraints (2e) force the vehicles to return to the
facilities with no delivery load, and, analogously, (2g) force the vehicles to leave the facilities with
no pickup load. Constraints (2h)—(2k) set upper and lower bounds on the delivery and pickup
load along each arc. Constraints (21) and (2m) ensure that the total delivery and pickup loads
handled by a facility do not exceed its capacity. Constraints (2n) ensure that if two customers i
and j are visited by the same vehicle, they are assigned to the same facility. Finally, constraints
(20) and (2p) define the domain of the variables.

A.3 Hub location routing problem

Although several problems fall under the umbrella of hub LRPs (Section 3.2.2 in the survey), we
choose the many-to-many hub LRP (MMHLRP) because it is a popular variant general enough
to capture the main tradeoffs involved in HLRPs. We present a five-index formulation for the
problem based on the model of Saraiva de Camargo et al. (2013) and using the notation of
Table 1. We remark that this model uses a multi-commodity flow formulation to ensure route
elementarity, thus resulting in five-index flow variables wffm In the MMHLRP, any customer
can be chosen to act as a facility, therefore J = I = V', and we use V in our model.

min Y Ouwii+ Y Bywij+ Y > cyny +F> D qu+ Y @&l (3a)

eV ijev WG leV keK leV keK ijlmeV
i#] i#] 1<g,l#m
subject to Z wij =1 VieV (3b)
jEV
wij < wjj Vi,jeV,i#j (3¢)
> el =wa Vi, gl €V, i< (3)
meV
Zg@ﬁ}n = wj Vi,jymeV,i<j (3e)
lev
S ok =gk Vi,l eV, Vke K (3f)
JeV\{i}
S ok =gk Vj,l €V, Vk € K
iy = S5 Jb eV, € (3g)
i€V\{j}



' < qu Vi,jleV,Vke K, i#j (3h)

Qe < Qi1 VieV, ke K\ {1} (3)
3 e =y Vi,leV, il (3))
keK
> synlk < VieV,Vke K (3k)
i,jev
i#]j
lm < gtk Vi, jlom eV, Vk €K, i #j, £ m, L #i, m#j
(31
N gk = gk Viime V,Vk e K, i#m (3m)
jev\{i}
Sk =l Vk,leEV,VkeEK, j+I1 (3n)
ieV\{j}
dSowlm= 3" gl VilmeV,VkeK, I#m, j£L j#Em  (30)
ieV\{j} i€V\{5}
Wi € {0 1} Vi, j eV (3p)
Pl >0 Vi,j,lLm eV, i<j (3q)
qi € {0,1} VieV, Vke K (3r)
nme{o 1} Vi, jleV,VkeK, i+j (3s)
ke 0,1} Vi,leV,Vk e K (3t)
plhm > Vi,jlm eV, Vk € K, i+ . (3u)

The objective function (3a) minimizes the cost of opening facilities, assigning customers, using
vehicles, and performing both local routes (those starting and ending at a given facility and
serving customers) and the Hamiltonian tour linking the open facilities. Constraints (3b) ensure
that each customer is assigned to exactly one facility. Customers chosen as facilities are assigned
to themselves (w;; = 1). Constraints (3c) state that a customer can be assigned to a facility
only if the facility is open. Constraints (3d) and (3e) link the ¢ and w variables, stating that
the i—j flow must pass through the facility to which these customers are assigned. Constraints
(3f) and (3g) ensure that locations are visited by their assigned vehicles. Variables n and ¢ are
linked through constraints (3h), while constraints (3i) break symmetry in the vehicle assignment.
Constraints (3j) link the £ and w variables, ensuring that each customer is visited with a vehicle
from the facility it was assigned to. The maximum route duration is enforced via constraints
(3k). Constraints (31)—(30) define a multi-commodity flow formulation for the local routes, which
ensures (with a polynomial number of constraints) that they are elementary. In particular, when
wlkm =1 (i.e., there is a flow of one unit), vehicle k assigned to hub [ uses edge (i,7) to serve
Customer m. Finally, constraints (3p)—(3u) define the domain of the variables.

A.4 Prize-collecting capacitated location routing problem

We present a two-index formulation for the prize-collecting capacitated location routing problem
(Section 4 in the survey) based on the model of Negrotto and Loiseau (2021).

min Z Cz‘jxij-i-?ZZCz‘jSzj—FZOiyi‘FgZZ%‘]“"FZZ&']‘_Zﬂjzwij (4a)

i,jEV iel jeJ icl iel jeJ iel jeJ jedJ  iinl
7]

> omip+2) s <2 VjeJ (4b)
1€eV\{j} el



Z Z xijSZZwij—éZdewij VSQJ (40)

i€S seS\{i} i€l jes jes el

Tij + 8i5 < Yi Viel, VjeJ (4d)
Tij + 855 < wiy Viel, VjeJ (46)
> (@ij+yiy) <1 Vjied (4f)
el

Zdjwij < W;z; Viel (4g)
JjeJ

€\{j} el el

:Ujlgl—l(wij—wil) Viel, Vj,led j#l (4i)
(11), (Im), (1n)

Sij € {0,1} Viel, VjeJd (4j)

The objective function (4a) sums the routing costs, the facility opening costs, and the fixed
vehicle costs (while taking into account the special back-and-forth routes defined by variables s;;),
minus the profit collected at the visited customers. Constraints (4b) ensure that each customer
is visited at most once. Constraints (4c) enforce that the capacities of the vehicles are respected.
Constraints (4d) ensure that customers are only visited from open facilities. Constraints (4e)
make sure that a customer is visited either as part of a multi-stop route (defined by variables x)
or with a back-and-forth route (defined by variables s) but not both. Constraints (4f) impose
that routes start and end at the same facility. Facility capacity constraints are enforced via (4g).
Constraints (4h) ensure that an assigned customer is visited by some vehicle. Constraints (4i)
link the x and w variables. Finally, constraints (4j) define the domain of the variables.

A.5 Location-routing problem with time windows

We present a two-index formulation for a simplified variant of the LRP with time windows
(Section 5 in the survey), in which we assume that the fleet of vehicles is shared among all
facilities to avoid a three-index formulation. The formulation extends the one for the standard
LRP of Section A.1 using the notation presented in Table 1.

min (la) (ha)
subject to  (1b) — (1n) (5b)
ti+0ij —t; < M(1 — ;) VieV, VjeV\{i} (5¢)

a <t <l YieV (5d)

t; >0 vieV. (56)

Constraints (5c) ensure that if a vehicle starts serving location ¢ at time t;, serves location 1,
and travels the arc ¢ to j, the time that the vehicle starts serving customer j is greater or
equal to the sum of ¢; and travel time from location i to j (including service time at location 7).
Constraints (5d) are the time window constraints, guaranteeing that location [ is served within
the specified time window. Finally, constraints (5e) define the domain of the decision variables
.

A.6 Latency location-routing problem

We present a two-index formulation for a simplified variant of the latency LRP (LLRP; Section 6
in the survey), in which we assume a uniform fleet of vehicles to avoid a three-index formulation.



The formulation extends the one of the standard LRP of Section A.1 using the notation presented
in Table 1.

min Z tj (6a)

JjeJ

subject to  (1b)—(1le), (1g)—(1n)
ti+ 05 —t; < M(1 — ;) VieV, VjeV\{i} (6b)
Z yi <N (6¢)
i€l
t1>0 vieV. (6d)

The objective function (6a) minimizes the total latency, i.e., the sum of the arrival time of the
vehicles at customers. Constraints (6b) ensure that if a vehicle arrives at location i at time ¢;,
serves location ¢, and travels the arc ¢ to j, the arrival time of the vehicle at customer j is equal
to the sum of ¢; and the travel time from location ¢ to j. Constraints (6¢) restrict the total
number of open facilities, and constraints (6d) define the domain of the decision variables ;.

B Summary tables

In this section, we present tables that summarize the key features of the reviewed studies for the
standard LRP and each major LRP variant (i.e., LRP with pickup and delivery, hub LRP, LRP
with profits, LRPTW, and LLRP). In the tables, column “F?” reports on whether the paper
includes a mathematical formulation for the problem.
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